Locality plays a fundamental role in quantum computation but also severely restricts our ability to store and process quantum information. We argue that this restriction may be unwarranted and re-examine quantum error correcting codes. We proceed to introduce new defects on the surface code called wormholes. These novel defects entangle two spatially separated sectors of the lattice. When anyonic excitations enter the mouth of a wormhole, they emerge through the other mouth. Wormholes thus serve to connect two spatially separated sectors of a flat, 2D lattice. We show that these defects are capable of encoding logical qubits and can be used to perform all gates in the Clifford group.
Introduction.-Locality plays a central role in condensed matter and quantum information science. This is exemplified by Kitaev's toric code [1] , its variants [2] and the color code [3] . These physical models are defined by Hamiltonians composed entirely of local terms of low weight and yet display topological order -the ground states of the system cannot be discerned using local measurements. From the perspective of quantum computation, this means that the code space is robust to local errors as perturbations must collude over a large distance to induce a logical error. Furthermore, the locality of the Hamiltonian is a boon for experimental realizations of quantum error correction and considerably simplifies the syndrome extraction circuits. For this and many other reasons, such models are a promising blueprint for scalable quantum computers [4] .
Locality however poses severe restrictions on storing and processing encoded quantum information [5] [6] [7] . Architectures based on Nitrogen Vacancy (NV) centers and ion traps have softer constraints on coupling qubits that are not adjacent [8] . With the advent of deterministic methods to share entanglement non-locally on superconducting qubit architectures [9] [10] [11] , the strict restriction of locality in the design of quantum error correcting codes may be unwarranted. Furthermore, modeling qubits as point-like objects may not apply to physical implementations which use extended objects such as a resonator to store quantum information [12] . In such an architecture, the geometry of qubit couplings may not be suitably represented by a two-dimensional grid. For these reasons, we have chosen to bend the rules of locality and reexamine quantum error correcting codes. We emphasize that we are not addressing the no-go result of Bravyi et al. [5] which places restrictions on two-dimensional quantum memories; nor are we violating the Bravyi-Koenig bound [6] which limits what gates can be performed fault tolerantly on two-dimensional codes.
In this article, we demonstrate how introducing a small amount of non-locality gives rise to novel defects on the toric code which we call wormholes. These defects possess two mouths that connect two spatially separated sectors of the lattice that we refer to as the mouths of the wormhole. The name is motivated by considering the movement of lattice excitations called anyons. If an anyon were to enter the mouth of a wormhole, it emerges via the other. In turn, this means that two anyons can be spatially separated by an arbitrary distance and still share entanglement via the wormhole. Furthermore, we shall show that we can use wormholes to encode logical information. We then demonstrate how we can perform all Clifford operations on the logical information. This can be seen as a unification of previous defect based encoding schemes combining puncture and twist defects [13] [14] [15] [16] .
If we eschew locality entirely, we can obtain quantum Low Density Parity Check (LDPC) codes that are capable of encoding a number of qubits that grows with the block size [17] [18] [19] . However, engineering such connections may be infeasible with current technology. Therefore, this work can additionally be seen as a proposal for codes in the spectrum between entirely local codes on the one end and quantum LDPC codes on the other.
The techniques proposed here to perform gates generalize to a powerful class of quantum LDPC codes called hypergraph product codes. In a companion paper [20] , we outline how to generalize the techniques presented here to perform gates on a certain class of LDPC codes called hypergraph product codes [19, 21] . This is the first technique to fault tolerantly perform gates on this family of error correcting codes.
Lastly, our construction could contribute to the discussion on the connection between entanglement and the geometry of spacetime [22] . We first note that the geometry that an anyon experiences is dictated by the entanglement in the underlying spin substrate. This is reminiscent of the ER = EPR conjecture in quantum gravity [23] . Secondly, if we define the entropy of a wormhole as the entanglement entropy between two mouths, then we find that it scales with the size of the boundary of the mouths rather than the size of the mouths. This mirrors the Bekenstein entropy [24] which also scales proportionally to the area of a black hole. periodic boundary conditions. The qubits are placed on the edges of the lattice and the vertices and plaquettes of the lattice serve to define a local Hamiltonian H. We introduce some notation at this juncture which will make it convenient to represent these objects.
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Circles on edges represent single-qubit operators on the corresponding qubits -empty circles represent singlequbit Pauil X operators and filled circles represent singlequbit Pauli Z operators. We will later see multiple circles arranged in some pattern and this corresponds to products of the respective Pauli operators. Likewise, each local term or stabilizer is a product of Pauli operators and is denoted using a square node -empty square nodes on the vertices represent X stabilizers, and dark square nodes on plaquettes represent Z stabilizers. The Hamiltonian is then expressed as the sum of these local terms,
The first sum is over all the vertices of the lattice and the second sum is over all the faces of the lattice. The code space is the ground space of H.
Surface code defects. -The Clifford group is the set of unitary gates which is generated by the Hadamard, phase and CNOT gates. These gates occupy a special role in the theory of fault tolerance and quantum error correction. We begin by describing defects on the toric code that are capable of encoding qubits in a manner that facilitates Clifford gates.
Punctures are defects on the surface code that come in one of two varieties, smooth and rough, as shown in fig.  1 . A smooth puncture is created by measuring X on the support of a set of X stabilizer generators whereas a rough puncture is created by measuring Z on the support of a set of Z stabilizer generators. A pair of smooth or rough punctures can be used to encode a logical qubit as shown in fig. 4 (a). The logical Z (X) assigned to a pair of smooth (rough) punctures is a loop of Z's (X's) encircling a puncture; the conjugate logical X (Z) operator is a chain of X's (Z's) between two smooth (rough) punctures.
Braiding punctures results in a logical CNOT with the smooth puncture serving as control and the rough puncture serving as target [13] . However, braiding is limited; as such, it maps X operators to X operators and Z operators to Z operators. We need to break this restriction to perform a broader class of gates.
Twists are yet another defect on the surface code that address this issue [14] . These objects are created by measuring two-qubit operators comprised of one X and one Z on adjacent qubits. The measurement is depicted in ators along a line referred to as a defect line; the hybrid stabilizers at either end of this line are called twists. X and Z stabilizer generators across the defect line pair up to form hybrid stabilizers of weight 6. These objects can be used to supplement the set of possible operations on punctures -a smooth puncture that crosses the defect line is transformed into a rough puncture and vice versa. Furthermore, two pairs of twists can be used to encode a logical qubit in their own right as shown in fig. 4(b) . The logical Z is the loop of Z's encircling a pair of twists and the shared defect line. The logical X is a loop that runs between the pair that contains both X and Z operators. We can perform single-qubit Clifford gates on encoded qubits by exchanging twists [14-16, 25, 26] . Wormhole. -We introduce a new type of defect called a wormhole that can be seen as a marriage of puncture and twist defects. Consider the two-qubit measurement that was used to create a twist but with spatially separated X (white circle) and Z (dark circle) operators as shown.
These are measured on the support of a plaquette and vertex stabilizer respectively. To relove the anticommutation, we replace these objects by the spatiallyseparated hybrid stabilizer indicated by the line joining the plaquette and vertex stabilizer generators.
All the hybrid stabilizers are a product of one plaquette and one vertex generator and thus this code remains LDPC. We can go further by noting that there is no reason to restrict ourselves to measurements along a line. We can measure two-qubit operators along the boundaries of punctures as shown in fig. 5 . This creates two entangled punctures that are spatially separated that we refer to as the mouths of the wormhole. These new hybrid stabilizers have weight 6; this is the product of two stabilizers on the boundary, minus their support inside the puncture. This weight can however be reduced by spreading the weight among some of the local checks adjacent to these stabilizers.
The mouths of a wormhole are topologically indistinguishable. For this reason, we drop the color of the mouths and without loss of generality, depict both mouths in white. Upon entering one mouth, an anyon emerges via the other mouth with the opposite charge label. Other types of wormholes are possible that preserve the topological charge of the excitations. In general, wormhole types correspond to topological domain walls. In [27] , Barkeshli and Freedman enumerate the different boundaries that can be used to transform one type of charge to another. In contrast, the focus of our work is to understand how to actually construct wormholes, and how to use them for performing gates on LDPC codes.
When a wormhole is created from the vacuum, it is stabilized by a pair of non-local operators shown in fig. 6 (a) & (b). At first glance, it appears that the weight of these stabilizers scales with the size of the puncture. However, these operators are merely products of the hybrid stabilizers on the boundary.
We can use a wormhole to encode two logical qubits as shown in fig. 6 (c) & (d), that we label 1 and 2. We represent the logical Z operators as a loop of physical Z operators that encircle one mouth. The conjugate logical operators are pairs of strings, one of X type and another of Z type that run to the mouths. We assume that the strings terminate at a 'sink' wormhole elsewhere on the lattice. The logical Z is a loop of Z operators encircling the mouth of a wormhole. The logical X is comprised of two strings that runs between the two mouths of the wormholes, one string of Z operators and another string of X operators.
Clifford gates. -We now turn our attention to performing Clifford gates on a qubit encoded in a wormhole. We shall use an ancilla qubit initialized in a wormhole to perform single-qubit Clifford gates. The proof of this statement is presented in the appendix.
In addition to single-qubit Clifford gates, we need one entangling gate to generate the Clifford group. This can be performed using just X and Z measurements, and an ancilla prepared in the |0 state as shown in fig. 7 . We now need to demonstrate how to perform such a set of operations fault tolerantly. To this end, we shall use an ancilla encoded in either a pair of smooth or rough punctures. This ancilla, referred to as the needle, can be used to stitch logical operators of interest as we shall demonstrate. It will therefore not require any more longrange connectivity beyond what is required to initialize the wormholes.
There are different ways to entangle the needle and qubits encoded in the wormhole. Braiding the needle around one mouth of a wormhole results in the controlled-Z operation between the needle and an encoded qubit. The evolution of the logical X operator of the puncture is shown in fig. 8 . Since the wormhole is traversable, a puncture can enter one mouth of the wormhole and emerge via the other. We call this operation stitching. Stitching results in the controlled-X operation between the needle and the encoded qubit. The evolution of the logical X of the puncture is shown in fig. 9 .
Passing the puncture through the mouth of the wormhole results in the controlled-X between the needle and encoded qubit. Between panels (c) and (d), the puncture goes through the sink wormhole so as to return to the appropriate type.
We define certain properties of the logical operators. First we notice that the needle operators X and Z are efficiently preparable and can be measured fault tolerantly. If we need to measure the string-like operator that runs between punctures for instance, we could make the punctures larger and bring them closer together. Alternatively to measure the loop-type operator, we can move the punctures apart, make them small and measure the boundary. The logical X and Z operators will thus be referred to as needle-measurable operators. On the other hand, the logical Y operator associated to a puncture is not needle-measurable as this would necessitate shrinking the boundary as well as bringing the punctures close together. In turn, the measurement would no longer be fault tolerant.
An operator Q is traceable if there exists a way to map a needle-measurable operator P to PQ. The logical Z operator of a puncture was already traceable. We highlight that by converting a puncture to a wormhole, the logical X operator is now also traceable. Discussion and conclusion. -We have introduced a new defect on the toric code called a wormhole using entangled measurements along the boundaries of punctures. These defects are a unified representation of both puncture and twist type defects. The stabilizers within the interior of the mouths of the wormholes have been removed from the code much like in the case of punctures. By entangling the boundaries of these punctures, we see interesting physics when we consider the movement of anyons on the surface of the lattice. Wormholes are capable of encoding a logical qubit and we can perform all gates in the Clifford group using topologically non-trivial operations. Importantly, wormholes provide a way to perform fault-tolerant gates on a class of quantum LDPC codes called hypergraph product codes.
